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Note

Smooth Perturbations of the Schrédinger Equation Related to the
Charmonium Models

1. INTRODUCTION

In recent years many publications have appeared where the masses of some elemen-
tary particles have been introduced through the bound states of a Schrodinger type
equation. This approach has been especially developed in the case of the y-particles
or charmoniums [5, 6] which were discovered in the experiments with electron—
positron annihilation and were interpreted as bound states of a charm-anticharm
quark pair. Different types of model potentials have been used but the general feature
of all these potentials is that in the case of s-states they behave linearly in the vicinity
of the origin.

In this article we try to answer the following question. If the potential is a smooth
perturbation of a linear potential, what is the perturbation series for the energy?
More strictly speaking we assume that in the vicinity of the origin the potential
V(r) can be expanded in a Taylor series of the form

V(r) = cr + evyr® + 2vgr® 4 ..., 1))

where ¢ <€ 1 and the other coefficients ¢, v, , v; are of the order of magnitude of unity
so that subsequent terms of the series (1) are of less importance than the previous
ones. One gets the answer in the form

E, = EXQ + EXe, va) + CED(e, vy, v5) @)

The introduction of the parameter € can be considered as an artificial way to obtain
the final result so the actual validity of the expansion (2) depends upon how succeeding
terms decrease.

Of course more complicated perturbations can be treated, e.g., the perturbations
that lead to the loss of quarks confinement [9, 10]. In order to estimate their contribu-
tion other techniques than presented here are needed.

The final results can be obtained with the help of the well-known Schrédinger
perturbation theory using the known matrix elements [4] but we shall present here a
more efficient method proposed by one of the authors (S. Yu. Slavyanov [11]).
The advantage of this method is that it can be easily programmed with the help of
algebraic computing systems (ACS: for short). We have used for our computations
two ACS: SYMBAL [3] and REDUCE [8].
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The article by Barton and Fitch [2] can be recommended as a good introduction
to the use of algebraic computing in theoretical physics.

2. OBTAINING THE EXPANSION FOR ENERGY

We shall start with the following equation (cf. [6]) for the radial part u(r) (¥(r) =
Yoo@, @) - u(r){r) of the wave function ¥(r) for s-states

u'(r) -+ mlE — V(r, &)lu(r) =0 3

and the boundary conditions

ulreg =0,  u(r) >0
r— 0. 4)

Here m is the mass of the charmed quark and the potential V{(r, €) is represented by
(1) in the vicinity of the origin and increases to infinity provided the confinement of
quarks is fulfilled. The charmonium masses spectrum in the nonrelativistic limit is

M, =2m-+ E,.

After introducing a new scale x = er, a new ‘“‘large” parameter v = ml/3c!/3¢!
(v> 1) and a new energy A = m/3¢—2/3E, Eq. (3) can be rewritten in the form

u"(x) + [ — v3o(x)u(x) = 0, 6)
where
v(x) = x + vyf/ex® + vgfex® + ...

According to the modification of the comparison equation method proposed by one
of the authors [11] we take the solutions u(x) to be of the form

un(x) = [2'(x, VI Ai(v - 2(x, v) — ). M

Here Ai(z) is one of the standard Airy functions and ., are of subsequent absolute
values of roots of Ai(z) (u, = 2.3381, p, == 4.0879, u, = 5.5210, py = 6.7867. ...). In
other words p,, are the eigenvalues of the Schrédjnger equation with a linear potential.
Substituting the solution (7) into Eq. (6) one gets the following equation for the
function z(x, ») which determines the nonlinear transformation of scale

2%z — v(x)) — AW)n — X)) — ANz, x} =0, ®)

where {z, x} denotes the schwarzian derivative
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From the boundary condition (4) it follows that
z(x, V)|geo = 0, (10)

and Eq. (8) and condition (10) together give the expression for the eigenvalue A,

, o1
An = HaZ z |x=0 e E;i {Za X} s (1 1)

x=0

which means actually that the values of energy are determined by the Taylor expansion
of the function z(x) in the vicinity of the origin.
Now we shall expand the function z(x, v) in the series

2x, ) = 3 z) v (12)

k=0

and the eigenvalues A, in the series

Ao =Y AW (13)

k=0

If we substitute expansions (12) and (13) into Eq. (8) and equate the subsequent
negative powers of v we get a system of linear equations for the coefficients z;(x) that
together with the initial condition (10) give the following expressions for z;(x)

24(x) = [% [ weopr ax] "

2 (0)
pZy — A
509 = 535 [ ot 4

(14)

n-1

Za(X) = 1/2f 2[0()6)]1/2[ Z ZiZn——

. A(’n—l)

+ 24 Z ZiZnog + Z z Z ZZnp—i T 5 {Za %n-s:l dx,

k=1

where by {z, x}; we denote the coefficients by v—* after substituting the expansion (12)
into the Schwarzian derivative (9). In order to obtain N terms in expansion (13) it is
not necessary to have the exact expressions for all z,(x) but we have to obtain N -+ 1
terms in the Taylor expansion for zy(x), N terms for z;(x) and so on. Therefore the
procedure reduces to handling truncated power series. It has been programmed in
SYMBAL and took approximately half a minute of computing time on a CDC 6400
to obtain the final expression for energy but the computations took a large amount of
memory (about 120 k-words).



292 COHEN AND SLAVYANOV

The more straightforward way for doing the calculations is to take the function
z(x, v) to be of the form

N+2—k

N
2(x,v) = Y vF Y apx, (15)
k=0 g=1

then substitute expansions (15) and (13) into eq. (8) and equate both the powers of »
and x. The second approach was programmed in REDUCE and took about 7 min
of computing time on DEC 10 and a large amount of memory as well. Both methods
gave the same answer which gives confidence in the accuracy of the result.

Here we give the obtained expansion for energy E in terms of the initial parameters

E, = c2Pm-13 z#”+€-18—5#”2%
16 v 48 p,2 3 9 p,2
2 s (- ¥*8 7Y T2 3 _ 222
+ ¢ [mt (332 — 173 G2
128 v, 1088 vw, . 22912 v}
af, o (12808 _ 2Us Ly
+ @ [t (375 2 — 7575 22+ 70875 )

80 v, 596 vy 133 0
+ (52— 31+ 1578 )]
256 v, 41984 v, 17344 v

4 5 (<7 Y5 274 It 2
+ e [mt (555 = — S1075 20 — 0425 o2
2507264 vv, 41575168 vyt )
1819125 ¢® 81860635 ct
s (1808 v, 50432 v, 19324 v

Pn 1693 ¢ T 10395 ¢ 8085 ¢°

536512 vfu, | 942752 vt s $
+ gs ot~ 3ags o) T 0. (16)

In order to make it easier to estimate the terms we give here also the approximate
expression to five decimal places

+

E, = 2®m13{u, + eu,? - 0.533330,/c
+ €2[p,3(0.45714v5/c — 0.27429v,%/c?)
4 (0.42857v5/c — 0.257140v,%/c?)] + €3[11,.%(0.406350,/c
— 0.690790,0,/c® + 0.323270,3/c®) + pnn(1.26984v,/c
— 1.89206w,v,/c? + 0.84825v,%/c®)] + €4[u,5(0.36941v;/c
— 0.80777v,0,/c® — 0.42904v:2/c? + 1.37828v,%v,/c®
— 0.50788v,%/c%) + u,2(2.60894v,/c — 4.85157v5v,/c?
— 2.390100,2/c? + 7.37322v,%05/c® — 2.5912204%/c%)]
+ O(%)}- (17
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From formula (17) one can observe that the obtained expansion is generally valid
for calculations when eu, <3}, but of course this depends also upon
the coefficients ¢, v, , v5, vy, and v5 .

3. SOME EXAMPLES AND SPECULATIONS
As an example for doing a calculation with expansion (16) we take the potential

V) = ﬁ — % (18)

which appeared as a solution of Einstein-Maxwell equations in relativity theory [7].
Here ¢ = v, = v; = 1, v, = v, = —1, and we get for the energy

8 32 6
Bu = o [ = e 75t o € (75 s + 33)
83012, TR

To87S ot T 535 Fa)

245312 54308
q - 5 bttt 2 5
+ ¢ (57550635 = T 36305 At) + O )] 9

+63(

It is well known that the first-order perturbation approximation for the energy is
given by the matrix elements. The formula (16) therefore gives one the opportunity to
obtain the matrix elements of powers of r for the linear potential

8
<r2> = T—S‘ “”2’

16 3
3N — 2 3 =
128 80
AN e T 4 -
<r>—315l‘n +63F’n'
256 1808

2

b\ — 77 5 b
<r> - 693 F’ﬂ + 693 F’n .
This corresponds to the results of previous authors [4].

Our calculations also give the possibility of obtaining another important quantity

r 0 2
D=F;%, 1)
0

" which is essential for determining the lifetime of the quark—antiquark pairs [1].
According to representation (7) one can rewrite this quantity as

D — A= pa)l - (0, v)
Iy Ai¥(—py + 2)(x'(z, v))2 dz’

(22)
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where x(z, v) is the inverse function of z(x, v). Using the well-known relation

Ai'z(_l““n) _
[T Ay + D dx @)

and also the derived matrix elements (20) one can finally get

Uy

1
D =1+3zeu 2+ ep (37 — 553 uzz/cz) + O(e). (24)

As yet we have not tried to compare the above theoretical results with experimental
data because of the paucity of the latter. But a comparison should be possible as more
data become available.
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